
 
Abstract— Cartesian motion systems have been key in the 

development of precise positioning machines with micro-scale 
accuracy for various applications. Technologies such as 3D 
printers, laser cutters, and automated tissue indentation 
platforms utilize Cartesian motion systems for improved 
accuracy. A promising parallel belt-driven mechanism called 
Core-XY has been proposed to reduce the moving load of the 
system. It has been demonstrated that Core-XY outperforms 
conventional Cartesian motion systems, where motion in each 
dimension is actuated by a separate motor. However, the elasticity 
of the belt transmission inevitably induces unneglectable errors 
under high running speed while moving along a defined 
trajectory. This project’s objective is to thoroughly identify the 
sources of such errors by dynamic modeling of the Core-XY 
Cartesian motion system. Detailed dynamic modeling methods 
with both full degrees of freedom (DoFs) and simplified DoFs are 
presented. Error analysis of the Core-XY system was conducted 
based on the dynamic model, along with experimental validation, 
under different operation conditions. The proposed dynamic 
model attained accurate estimation of contour errors, which is 
important to the design of the motion controller for systems 
adopting Core-XY mechanism. 

Index Terms— Core-XY system, Cartesian motion system, 
dynamic modeling, belt transmission 
 

I. INTRODUCTION 
HE Cartesian motion system, namely XY-table, is a device 
capable of positioning the end-effector at desired 

coordinates within a two-dimensional plane. This device is 
adopted in many Computer Numeric Controlled (CNC) 
manufacturing processes, including milling, cutting, welding, 
and marking [1-3]. In addition, majority of 3D printers utilize 
this mechanism to achieve the in-plane actuation [4].  

Various designs and implementations of the Cartesian 
motion systems have been proposed, which are mainly 
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categorized by the transmission approaches that transform 
rotational motion to translational motion. The transmissions are 
either the lead-screw-based form [5, 6] or belt-driven [3]. The 
well-known lead-screw-based system consists of two separate 
orthogonal linear actuators with lead screws, one mounted on 
the top of the other. Due to its rigidity, the lead-screw-based 
mechanism is advantageous to enable high-resolution and 
large-payload actuation for precision positioning applications, 
such as CNC milling machines. However, the disadvantages 
are attributed to its large moving mass. Because of this, the 
running speed is typically slow. In contrast, not only does the 
belt-driven mechanism consume less energy (around 50~70% 
less), but it can also operate at relatively fast speeds, 2-10 times 
faster [7] than the lead-screw-based systems. Moreover, the 
manufacturing cost of the belt-driven mechanism is rather low, 
due to its design simplicity. Recent applications in 3D printing 
incorporate the belt-driven mechanism combined with a 
vertical linear actuator to provide the 3D spatial motion of the 
printer nozzle. The motion accuracy heavily relies on the 
stiffness of the belts. 

Other than transmission methods, the Cartesian motion 
system can also be categorized into serial and parallel 
manipulations, such that two independent actuations can be 
linked, either in series or parallel. The serial manipulation, 
despite being widely used, has significant disadvantages caused 
by its low load/weight ratio and sensitivity to error [8]. In the 
scenario of the Cartesian motion systems, one of the actuators 
acts as a sub-system implemented on the other actuator where 
an unnecessary load is added. The two axes of motion are 
inherently decoupled. Motion control can only be applied on 
one separated dimension/direction, rather than the 2D position. 
Therefore, the serial manipulation can neither regulate contour 
errors directly nor satisfy applications at high speed with 
low-power consumption. In comparison, the parallel 
manipulation can coordinate the motion at a faster speed with 
higher power efficiency. Such a light-weight mechanism could 
also be compactly integrated. This is preferable for 
low-payload applications such as desktop 3D printing. 

The H-frame system [9] is a promising parallel mechanism 
operated with one single belt. It has two motors which are 
located at fixed positions (Fig. 1). However, because the 
end-effector is connected to two flexible ends of the belt, it is 
unstable. To correct this instability, a modified version of the 
H-frame system has been developed, namely the Core-XY 
system [10]. The Core-XY allows motor integration with a 
different configuration of the two belts. As shown in Fig. 1, 
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four ends of the belt link with the end-effector symmetrically, 
thus ensuring motion stability. A detailed comparison between 
these two mechanisms is discussed in Section II. 

However, the unneglectable stiffness of the belt, which 
makes itself deformable, does degrade the overall positioning 
accuracy of the Core-XY system. To tackle this problem, 
several control methods have been applied to conventional 
serial positioning systems. This includes adaptive control 
[11-13], inertial and friction compensation [7], fuzzy logic [14], 
and sliding mode control (SMC) methods [15, 16]. In 
positioning control of two-dimensional Cartesian motion 
systems, Lim et al [1] emphasized the error induced by the 
stiffness of elastic transmission elements; Li et al pointed out 
the significance of the inertia and the friction in a 
one-dimensional belt-driven positioning system [7]. Therefore, 
proper identification of system dynamics is essential, as well as 
its modeling. To the best of our survey, none of the work 
conducted was done on the dynamic modelling of the Core-XY 
system or the contour error analysis of any parallel Cartesian 
motion systems, despite such systems showing significant 
contour errors due to their dynamic nature.  

II. MATERIALS AND METHODS 
This section starts by discussing the characteristics of the 

Core-XY mechanism. Kinematics modeling is proposed for the 
targeting of this mechanism. Furthermore, in order to predict 
the actual positioning in real time, dynamic modeling is derived, 
considering practical design parameters including inertia, 
stiffness, and friction. 

A. The Core-XY Mechanism 
The Core-XY system consists of ten timing pulleys (two 
driving pulleys and eight idle pulleys), two open-ended timing 
belts, a y-frame to anchor four idle pulleys in motion, and the 
x-frame acting as end-effector (Fig. 1). By rotating both motors 
in the same direction at the same speed, the end-effector moves 
in the x-direction only, whereas by rotating in the opposite 

direction at the same speed, the end-effector moves in the 
y-direction only. Detailed equations are discussed in the 
Section II.B. 

B. Kinematics Modeling 
If belts are assumed inextensible, the position of the 

end-effector can be determined directly from the angular 
displacements of the motors. The kinematic relations between 
the rotating angles of driving pulleys 1, 2  and the 
position of the end-effector  are given by: 

 1

2

1 1
1 12
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  (1) 

where r is the radius of the pulley. 
The defect of (1) lies in the inextensible assumption. Under 

this assumption, the motion is transmitted instantaneously with 
infinite acceleration by infinitely large force, which fails to 
stress the effect of stiffness, inertia, and friction inside the 
system. As a result, the transient performance of the system 
cannot be illustrated. Therefore, the dynamic modeling taking 
the above factors into account is derived using Lagrange’s 
equations of the second kind as follows: 
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where qi is the ith generalized coordinate;  is the 
non-conservative generalized forces on the ith generalized 
coordinate; T is the total kinetic energy of the system; V is the 
total potential energy of the system. 

C. Dynamic Modeling 
The system is modeled with 12 DoFs with generalized 

coordinates chosen as follows: 

 1 2 10
Tx yq   (3) 

where x and y define the position of the end-effector;  is the 
rotating angle of the ith pulley in Fig. 1. The belts are regarded 
as a ‘spring with mass’ system [17]. The kinetic energy, 
potential energy, and virtual work done by non-conservative 
forces are given in the following so as to construct the dynamic 
model using Lagrange’s equation of motion. 
1) Kinetic Energy 

The total kinetic energy is given by: 
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where  is the equivalent mass of the end-effector; 
 is the equivalent mass 

of the y-frame;  is the mass of the y-frame;  is the 
equivalent mass of the ith pulley;  is the equivalent moment 
of inertia of the ith pulley. 

The equivalent masses (moments of inertia) in the above 
equations include the masses of the adjacent belt sections. The 
kinetic energy stored in the belt can be denoted: 
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where l is the length of the belt;  are velocities at two 
ends;  is the density of the belt; A is the cross-section area of 

Fig. 1.  Schematics of Core-XY system, two belts (in red and blue) connected 
with the end-effector at four points symmetrically. Components 1 and 2 are the 
stationary driving units in both sub-figures; Components 3-10 are the idle 
pulleys. 
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the belt;  is the mass of belt. In Cartesian motion systems, 
stiffness of belts is typically very high to attain a high accuracy, 
i.e. . Therefore, masses of belts can be averaged to 
adjacent coordinates within a reasonable error range. 
2) Elastic Potential Energy 

When located horizontally, the potential energy in the system 
is the elastic energy stored in the belts, which is given by: 
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where  is the stiffness of the ith belt section as defined in Fig. 
1. The same k-value is assumed for the symmetrical belt 
sections. 

Equation (6) is derived when there is no slipping between 
pulleys and belts. This condition could be guaranteed using 
timing pulleys and belts, as in our experiment setup. 
3) Virtual Work of Non-Conservative Forces 

For DC-motor-driven systems, both friction and torques 
exerted by motors are regarded as non-conservative forces. The 
virtual work done by non-conservative forces could be 
expressed as: 
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where  are viscous friction coefficients of the end-effector 
and the y-frame respectively;  are the Coulomb friction of 
the end-effector and the y-frame respectively;  is the viscous 
friction coefficient of one pulley;  is the Coulomb friction 
torque of one pulley;  is the torque exerted by 
the ith motor, where  is the input voltage to the ith motor. 

In the case of motion driven by stepper motors, with the 
angles of driving pulleys  and  directly regarded as input, 
only friction is considered as a non-conservative force. 

The aforementioned parameters are assembled into (2). For 
the motion driven by stepper motors, the dynamics could be 
modeled as:  
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The state-space representations are designed as follows: 
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where  is the state vector;  is the input vector;  is 
the output vector. 

For the motion driven by DC motors, additional equations 
are needed to describe the motor dynamics of  and  with 

 as state vector and 
 as input: 
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D. Simplified 4-DoF Dynamic Modeling 
The movement of idle pulleys is regarded as less 

insignificant than that of driving pulleys and the end-effector in 
[9]. The number of DoF in the dynamic modeling can be 
reduced by assigning the DoFs of idle pulleys to other DoFs. In 
detail, pulley 3, 4, 5 and 6 are only related to x-direction motion 
whereas pulley 7, 8, 9 and 10 are related to both x- and 
y-direction motion. Therefore, pulley 3, 4, 5 and 6 can be 
assigned to the coordinate x; pulley 8 and 9 can be assigned to 
the coordinate ; pulley 7 and 10 can be assigned to the 
coordinate . 

Similar simplified modeling could be carried out by revising 
the definitions of generalized coordinates, kinetic energy, 
potential energy, and virtual work done by non-conservative 
forces, as follows: 
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where , , ,  
For stepper-motor-driven systems, the final modeling results 

are given by 
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with the state vector involving x and y only. 
For DC-motor-driven systems, the equations of  and  

are: 
2
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where  for ,  for  with the state 
vector involving x, y, , and . 

However, the validity of these simplifications remains to be 
proved. The discrepancy between the full-DoF model and the 
4-DoF model is illustrated by simulations and experimental 
validations in Section III. 

III. SIMULATION AND EXPERIMENTAL RESULTS 
To experimentally compare the full-DoF and the 4-DoF 

dynamic models with the kinematic model, the experimental 
results were used as a baseline to highlight the contour errors in 
tasks of a rectangular path. Then, the effect of different 
mechanical setups on the magnitude of the contour error was 
discussed. 

Cartesian motion systems are often realized with open-loop 
stepper-motor-driven configuration for simple and low-cost 
applications. The tradeoff arises between accuracy and 
manufacturing cost. This type of configuration is adopted in 
both simulations and experiments to evaluate the accuracy of 
the dynamic modeling as well as the performance of the 
Core-XY system.  

Fig. 2 shows the experiment setup. The baseplate and the 
y-frame were made of acrylic board by laser cutting whereas 
the rigid end-effector was 3D-printed with four belt clips to 
anchor the belts. To ensure safe anchoring with belt clips, the 
belts connected to the end-effector are not strictly horizontal. 
However, the linear guides made of carbon fiber can guarantee 
perfect Cartesian motion of the end-effector. MXL timing 
pulleys were connected to the baseplate with shoulder screws. 
Two stepper motors with a phase angle resolution of 1.8  were 
chosen, of which the driver board TB6560 was used. Open-loop 
control was realized by the open-source electronics platform 
Arduino. Positional tracking of the given experimental 
trajectory was conducted by an electromagnetic tracking 
system (NDI Aurora). Stiffness of the belt is calculated by 

elastic theory ( ) /k A E l  , where A  is the cross-section 
area of the belt, l  is length of the belt section, E  is young’s 
modulus of the belt (for the MXL timing belt adopted, 

160E MPa ). 

A. Trajectory Tracking Analysis 
Study of the transient behaviour is pre-requisite to reducing 

overall system error. This would explain why the end-point 
targeting accuracy always outperforms the ones in contour 
tracking in real practices. In both simulated and experimental 
results, when the end-effector moved along a smooth contour 
(e.g., line or circle), no obvious error was observed. Under 
normal operating conditions, the settling time of the system was 
typically very small. 

As observed, the end-effector does not always move 
accurately and smoothly along the contour at the sharp turning 
curvature. In this case, there is always a time lag from executing 
the actual position of the end-effector to the ideal position 
because of the control undershoot. The end-effector turns 
before reaching the corner point. As a result, the actual 
trajectory will be rounded at the sharp corner. To investigate 
this phenomenon, tasks of rectangular path following at 
different running speeds were carried out through simulations 
and experiments. The resulting trajectories of the full-DoF 
simulation, the 4-DoF simulation and the real robot 
experiments, are shown in Fig. 3a, b and c, with respect to 
different running speeds.  

Nearly no deviations from the ideal trajectory were observed 
while moving along a straight line (Fig. 3). Larger error was 
found in both the experiments and simulations while turning 
from x- to y-direction, compared to the turning from y- to 
x-direction. The x-direction had a larger settling time than the 
y-direction. It led to a longer lag when the signal of turning was 
executed, thus inducing larger error, particularly at a higher 
running speed that leaves less time for the end-effector to settle 
its position. Therefore, it can be presumed that if the time 
interval per pulse is longer than the settling time, no contour 
error that resulted from the system dynamics will be observed 
within the 5% range as defined for the settling time. 

Fig. 2.  Experiment setup of a Core-XY mechanism actuated by NEMA-17
stepper motor through two MXL timing belts. 
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The experimental data in Fig. 3 consists of 20 loops of 
rectangular path following. However, we could not recognize 
fluctuation of the actual trajectory regardless of increasing the 
running speed. Note that the starting point of each loop remains 
the same. This is because sufficient time could be given for the 
system to release energy after each cycle. However, it is worth 
noting that such sufficient time delay may not be given 
practically. For example, it is not preferable for 3D printing 

when it could adversely affect the homogeneous extrusion of 
layers.  

Furthermore, to obtain a numerical comparison between the 
simulation and experiment, contour error is defined as the 
smallest deviation from the desired contour to the actual 
position [18]. In the case of the rectangular path tasks, it is the 
distance between the ideal point of turning and the studied 
trajectory measured by an oblique line of 45  starting from the 
ideal point of turning. Mathematically, it can be expressed as 

 2 2
0 0 0 0,e x x y y x x y y   (17) 

where e is the magnitude of error; (x, y) is a point on the studied 
trajectory; (x0, y0) is the corner point on ideal trajectory. For the 
experimental trajectory, the error is defined as the mean value 
of the error of each loop. 

Magnitude of contour error with different running speed is 
plotted in Fig. 4. With the error in experiment acting as the 
baseline, the full-DoF model gave a good estimation of the 
linear trend of contour error. The 4-DoF model did predict a 
smaller contour error, particularly for the turning from the y- to 
the x-direction, as a result of the difference in their transient 
performances. Thus, the 4-DoF model showed a larger 
deviation from the experiment at high speed. Therefore, it can 
be concluded that the full-DoF model gives a better prediction 
of contour error at high speed. 
We also found that the contour errors were linearly correlated 
to the running speed in both the simulations and the experiment. 
The discrepancies are shown by the dotted lines in Fig. 4. The 
discrepancies can be correlated with other practical factors, 
such as the nonlinear static friction, the pre-tension force of the 
belt, and the error of the tracking system (i.e., the first two types 
of error discussed in [19]), which show no clear dependence on 
the running speed.  

B. Error analysis on system parameters 
In addition, system parameters including mass, stiffness, and 

friction will also affect the magnitude of the contour error in 
terms of the transient response of the system. This influence is 
demonstrated by simulations with different parameters under 
the full-DoF model and an operation speed of 0.079m/s. The 
new parameters were attained by multiplying the parameters in 
Table I with a factor between 0.5 and 2 defined as relative 
parameters. Note that all masses were altered proportionally. 
The simulated maximum contour error with respect to relative 
mass, stiffness, and friction are shown in Fig. 5. Conclusions 
are summarized as follows. 
 The magnitude of error shows little dependence on masses 

of pulleys and frames. 
 The magnitude of error is proportional to the magnitude of 

friction and inversely proportional to the stiffness of belt. 
These conclusions point out two significant ways to reduce 

the contour error by mechanical setup: 1) reducing friction and 
2) increasing the stiffness of belt. Furthermore, they offer a 
pragmatic quantitative relation to estimate the magnitude of 
contour error under different mechanical setup prior to the 
experiment.  

 
(a) 

(b) 

(c) 
Fig. 3.  Trajectory comparison of experiment and simulation under running 
speed of (a) 0.020m/s, (b) 0.039m/s, (c) 0.079m/s. A rectangular with sharp 
corners is to be drawn. Grey line: experimental data. Green line: ideal 
trajectory. Red line: trajectory of 4-DoF simulation. Blue line: trajectory of 
full-DoF simulation. The starting point of each counter-clockwise loop is the 
left bottom corner. 

210



IV. CONCLUSION 
In this paper, dynamic modelling of a Cartesian motion 

system Core-XY is investigated. Core-XY has been widely 
utilized in many various applications, such as high-speed 3D 
printing, accredited to the low manufacturing cost of this 
system. Therefore, to identify the error due to the stiffness of 
belt, the system dynamics has been modeled. Experimental 
evaluation shows that the full-DoF dynamic model can attain an 
accurate estimation of contour error. A simplified modeling 
method has also been conducted, which has been proven to be 
effective only at low speed. A typical type of contour error for 
non-smooth contours at high-speed operation is highlighted 
based on the proposed dynamic model. In addition, its 
correlations with the running speed and system parameters 
were studied. In sum, a reliable approach to predict the 
accuracy of the Core-XY system is made possible through 
simulation. These simulations allow controllers to be tailored to 
reach a finer resolution of the end-effector.  
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(b) 
Fig. 4. The magnitude of contour error varied along the running speed during 
the right-angle turning from (a) x- to y-direction, (b) y- to x-direction. The 
dashed lines show the discrepancy between prediction and experiment. 
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