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Stability and L, Synthesis of a Class of Periodic Piecewise
Time-Varying Systems

Panshuo Li¥, Member, IEEE, James Lam

and Ka-Wai Kwok

Abstract—In this paper, the stability, stabilization, and L,-gain
problems are investigated for periodic piecewise systems with time-
varying subsystems. Continuous Lyapunov function with time-
varying Lyapunov matrix is adopted. A condition guaranteeing the
negative definiteness of a matrix polynomial, deriving from the Lya-
punov derivative, is first obtained. Based on such a condition,
an exponential stability condition is provided. Moreover, a state-
feedback controller with time-varying gain is developed to stabilize
the unstable periodic piecewise time-varying system. The L»-gain
criterion for periodic piecewise time-varying system is also studied.
Numerical examples are given to show the validity of the proposed
techniques.

Index Terms—Controller synthesis, L. performance, periodic
systems, stability, time-varying systems.

|. INTRODUCTION

It is well known that periodic system is extensively present in engi-
neering fields, such as rotor—blade system [1] and predator—prey system
[2]. Moreover, periodic control also arises in a variety of applications
[4], such as the vibration attenuation of the helicopter rotor-blade sys-
tem, and spacecraft magnetic attitude control [5], [6]. Because of their
broad application, periodic systems and periodic control play a key
role in automatic control field; a lot of efforts have been put into their
analysis for decades [3].

Comparing with the extensive results on discrete-time periodic sys-
tems, the analysis and synthesis on continuous-time periodic systems
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are more difficult [7]. In order to effectively solve the control problems
of continuous-time periodic systems, numerical methods have been
developed [8]-[10]. Apart from the numerical computation methods,
approximation techniques have been used to help study continuous-
time periodic systems. That is, the study of continuous-time periodic
systems is converted to studying their approximate systems. In [11]
and [12], steady-state responses of continuous-time periodic systems
are estimated from periodic system with several averaged subsystems
in one period, which gives rise to a periodic piecewise system. Similar
techniques can be found in the recent research; as in [13], the stability
result of periodic piecewise system is used to study continuous-time
periodic systems in the frequency domain.

Periodic piecewise system, apart from it being treated as an ap-
proximation system, naturally has a number of applications, such as
electrical circuits with ideal diodes and switches [14], mechanical sys-
tems with Coulomb friction [15], and ac—dc converters with reduced
dc-link capacitance [16]. Because of its value in studying continuous-
time periodic system, and its broad applications, many results have
been reported on this topic [17]-[22]. Since it has switching dynamics
between subsystems in one period, techniques used in switched system
[23]-[29] have been adopted to investigate periodic piecewise system.
Stability, stabilization, and finite-time stability analysis are reported in
[17] and [18] based on the multiple Lyapunov function method. The
disturbance attenuation performance such as L,-gain, generalized H,
indices is studied in [19] and [20] based on continuous time-varying
Lyapunov functions. A saturated controller is designed in [21] to at-
tenuate vibration of periodic piecewise system in mechanical engineer-
ing. New results on the stability and stabilization of periodic piece-
wise systems based on polynomial-type Lyapunov matrix are proposed
in [22].

One may observe that the above-mentioned periodic piecewise sys-
tem is composed of time-invariant subsystems. However, for the ap-
proximated analysis problem, using periodic piecewise time-invariant
system to analyze periodic time-varying system is far from desirable,
since certain dynamic properties of the original system may be lost in
the approximation process. In addition, periodic piecewise system with
time-varying subsystems may be more appropriate in practice, specially
in power electronic equipment, such as multifunction converters [16],
[30]. Unfortunately, very little results have been reported on periodic
piecewise time-varying systems. This paper aims at addressing the
control problems of such a system.

Specifically, the paper considers periodic piecewise time-varying
systems, of which the subsystems are given in the time-interpolative
form. A continuous Lyapunov function with time-varying Lyapunov
matrix is adopted. A matrix polynomial definiteness problem emerges
as aresult of the multiplication between the time-varying Lyapunov ma-
trix and the time-varying subsystem matrix. Different from the square
matricial representation and sum of square methods [31] used in [22]
to deal with the Lyapunov matrix polynomial issue, a negative defi-
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niteness condition for the matrix polynomial is proposed in this note,
which utilized the time-interval information of each subsystem. Based
on this condition, the exponential stability of periodic piecewise time-
varying systems is studied and stabilizing controller with time-varying
gain is designed. Moreover, the L, -gain performance of periodic piece-
wise time-varying system is investigated as well. This paper is orga-
nized as follows. The problems studied are formulated in Section II.
The stability analysis and stabilizing controller synthesis are given in
Sections III and IV, respectively. L,-gain performance is studied in
Section V. Numerical examples are given in Section VI. Finally, the
paper is concluded in Section VII.

Notation: R" denotes the r-dimensional Euclidean space, N T de-
notes the set of all positive integers. || - || denotes the Euclidean vector
norm, the superscript ’ refers to matrix transposition, A(-), A(-) repre-
sent the maximum, minimum eigenvalues of a real symmetric matrix,
respectively. In addition, P > 0 (> 0) means that the matrix P is real
symmetric and positive definite (positive semidefinite), D" (+) stands
for the upper right Dini derivative, and sym(-) denotes the sum of a
matrix and its transpose matrix.

Il. PROBLEM FORMULATION

Consider a continuous-time periodic piecewise time-varying system
given by

#(t) = A(t)z(t) + B(t)u(t) + E(t)w(t)
z(t) = C(t)x(t) + D(t)w(t) ¢))

where z(t) € R", z(t) € R™, u(t) € R?, w(t) € R' are the state
vector, output vector, control input, and disturbance, respectively.
Forall t >0, A(t) = A(t+1T), B(t)=B(t+1T), E(t) = E(t+
T), C(t)=C({t+T), D(t) = D(t +T), where T is the system fun-
damental period. Suppose the interval [0, T") is partitioned into .S subin-
tervals [t;_1,¢;), i € Ny N ={1,2,...,S}, where t, =0, tg =T.
In the ith subsystem, the matrices A(t), B(t), C(t), D(t), and E(t)
are linear time varying and denoted as A, (t), B;(t), C;(t), D;(t),
and E;(t), respectively. The dwell time of the ith subsystem is
T, =t; —t;_ with Zil T; = T In this paper, we consider 4, (¢) is

givenby, fort € [(T + t,_1, (T +t+:),6=0,1,...,i=1,2,...,8
t— 0T —t,
Ai(t) = A+ (T%l)(AHl - 4)

and B;(t), E;(t),C;(t), D;(t) are given in the similar interpolation
formulation, with A[ 5 Ai+1 , BL 5 Bi+1 5 Oi> CL+1 5 D’i 5 Di+1 5 Ei7 Ei+1
are constant matrices.

A definition concerning the exponential stability of system (1) is
given as follows.

Definition 1: [17] The periodic piecewise system (1) with u(t) =
0,w(t) = 0 is said to be A*-exponentially stable if the solution of the
system from z(0) satisfies ||z(¢)|| < ke ™" ||2(0)]|, V¢ > 0 for some
constants Kk > 1, A* > 0.

In the following sections, we study the exponential stability, sta-
bilizing controller synthesis, and L,-gain performance analysis of
system (1).

IIl. STABILITY ANALYSIS

In this section, a lemma concerning the negative definiteness of a
class of matrix polynomials is given. By constructing a time-varying
Lyapunov matrix in linear time-interpolative form, an exponential
stability condition is established based on the obtained lemma.

Consider a continuous Lyapunov function V(z,t) = 2’ P(t)z,
where P(t) > 0 is continuous and periodic with period T'. For
te 0T+t 4, (T +1;),£=0,1,...,i=1,2,...,5, V(z,t) can

be rewritten as
V(z,t) = Vi(z,t) = 2'P;(t)x 2

where P(t) = Pi(t) for t € [¢{T +t;_1, {T +t;), in other words,
limy_¢r ¢, P(t) = P({T +t;). A general lemma concerning the sta-
bility for periodic piecewise time-varying system is given as follows.

Lemma 1: [22] Consider periodic piecewise time-varying sys-
tem (1) with w(t) =0,w(t) =0, and let A* >0 be a given
constant. If there exist A;,,¢=1,2,...,5, and T-periodic, con-
tinuous and Dini-differentiable matrix function P(t) defined on
t € [0,00) such that, for t € (T +¢;_1,¢T +¢;),{=0,1,...
1,2,...,S,P(t) = P;(t) > 0, satisfies

7Z:

A;(t)P(t) + P()A;(t) + DT P.(t) + A, Pi(t) <0 3)

s
LT <0 “

i=1

20T —

then system (1) is A"-exponentially stable.
In the following, we construct a 7'-periodic continuous time-varying
Lyapunov matrix P(t) such that, for t € [¢T +t; 1, 0T +t;),{ =

0,1,...,i=1,2,...,8
t—0T —t;_
P(t) = P,(t) = Pi + ——5——(Pis1 = P)
P5+1:P1 (5)
where P; > 0,7 =1,2,...,.5, are constant matrices and we have 0 <

(min; A(P;))I < P(t) < (max; A(F;))1.

Before providing the theorems, the following technique is introduced
first. Let f : [0,1]" — R be a matrix polynomial function defined as

flr, 1, )=S0+ X + Ty + -

+ (Hm) S, mel0,1] (6)
k=1

wheren € N* andn >2,%; e R"*",j =0,1,...,n, are real sym-
metric matrices. Thus, f is a continuous matrix function over a bounded
domain, and is hence bounded. Then, one has the following lemma.

Lemma 2: Consider the matrix polynomial f(7,72,...,7,) in
(6), if

d

> % <0,d=0,1,...,n (7
k=0

then the matrix polynomial f(7y,72,...,7,) < 0.
Proof: Withn € Nt n > 2, according to (7), one has

n n—1
Y %<0, Y %<0
k=0

k=0

then, for 0 < 7,, < 1, one has

(17771)(EO+21 +'“+En—l)
+ 7 (B + -+ 8+ 5,) <0

which can be rewritten as

n—1

> Sk 47T, <0 (8)

k=0
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With (7), one also has Zz;ﬁ Y < 0, combining with (8), for 0 <
T,—1 < 1, one has

(=7 ) (S + 5 4+ 5, )
+7—n71(20 + - +En,1 +7—n2n) <0

which can be rewritten as

n—2
Z Ek + Tn-1 Enfl + T'nflTnEn < 0.

k=0

Following the same arguments, one has

Yo+ X+l + s -+ (HTk) Y, <0. (9

k=2

With (7), one also obtains ¥, < 0; then, combining with (9) for 0 <
71 < 1, one has

(I—m)Z+ 71 (B +21 +7m3 + -+ (Hﬁ) ¥,) <0
k=2

which implies that f(7y,72,...,7,) < 0. ]

Remark 1: Lemma 2 is a generalization of the result in [32]. The
result in [32] is valid forn = 2 and 7y = 7.

By exploiting Lyapunov function (2), Lyapunov matrices (5), and
Lemmas 1 and 2, sufficient stability condition for periodic piecewise
time-varying system (1) can be obtained in Theorem 1.

Theorem 1: Consider periodic piecewise time-varying system (1)
with u(t) = 0,w(t) = 0. Given A* > 0, if there exist ;, and matrices
P, >0,i=1,...,5, satisfying

0 <0 (10)
Yoi+21,; <0 (11)
Yo+ +X, <0 (12)
Ps,y =P (13)
s
2T =Y AT, <0 (14)
i=1
where
1
Yo = AP+ P A + f(PiH = P)+ 7D

Sy =sym (AP — 24P+ Al | P) + 4, (Py1 — P)

Soi = sym (A, — A)(Piy1 — P)) (15)
then system (1) is A*-exponentially stable.

PVOOf' Fort € [€T+t1,17€T+t7)7€:07177Z = 1,27.4.,5,
with (13), construct a continuous P(t) as in (5). Then, one has

A(0)YP,(t) + PO A(t) + D P.(t) + 2 Pi(1)

Tt
= (a+ ST - )

t— 0T —t;_
x(R+—————HRH—Rﬂ

i

t— 0T —t;,

+ <PL + T (Piy1 — Pi))

5 (AI- N ’FKTTﬁ(A,-+1 fAi)) n %(Pm - P)
+ A (R + #(‘R}l - R:))
= AP, + P A, + T%(Pm - P)+zP
+ (t*w;iit”l) (sym(A{ Py — 24P, + Al | P)
+ X (Py1 — P))
N (t—fTT—;tvﬁ—lfsym (AL, = APy — P)))
=2+ (t _KJ;}_ ti71)21,i + L _éTTf: iot)’ Yo

7

Sincet € (T +t;1,¢T +1t;),£=0,1,...,i=1,2,...,5, one has
0< Fﬁ% < 1. Then, with (10)—(12) and according to Lemma 2,
one has A, (t)'P;(t) + P;(t)A;(t) + Dt P;(t) + A, P;(t) < 0. Then,
by combining it with (14), and according to Lemma 1, one can conclude
that the periodic piecewise time-varying system is A*-exponentially
stable. ]

Remark 2: It can be seen that the derivative of the Lyapunov func-
tion in Theorem 1 is a matrix polynomial of degree 2. It derives from
the linear interpolative formulation for both the subsystem matrices
and the Lyapunov matrix. It is worth mentioning that Lemma 2 also
suits for the more general case that the subsystem matrix form is
given in polynomial matrix form or a Lyapunov matrix polynomial is
adopted.

IV. STABILIZING CONTROLLER SYNTHESIS

In this section, the controller with time-varying gain is designed to
stabilize the unstable periodic piecewise time-varying system.

Consider a periodic time-varying state-feedback control as u(t) =
K;(t)x(t), te][ti-,t;), i=1,2,...,5, where K, (¢) is contin-
uous in the ith subsystem and K;(t + (1) = K;(t), (=0,1,...,
and then the closed-loop system with w(t) = 0 can be obtained as

B(t) = Agi (t)a(t)

2(t) = Ci(t)x(t) (16)
where A.; (t) = A;(t) + B;(t)K;(t). Based on Lyapunov function (2)
and Lyapunov matrices (5), a stabilizing controller can be obtained in
Theorem 2.

Theorem 2: Consider periodic piecewise time-varying system (1)
with w(t) = 0, and let A* > 0 be a given constant. If there exist A; and
matrices W; > 0, Q;1, Qi 0,71 =1,2,...,.5, satisfying

Yoo <0 (17)

Yo, +2e1, <0 (18)

Yoo+ Deri + oo <0 (19)

Wsi1 =W (20)
S

2A*T—ZAYJ} <0 @1

i=1
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where
Yeoi = AW + Wi Al + BiQi1 + Q; B

1
- f(VVHl

i

- Wi) + 2 W,

Y =sym (AW =24, W, + AW, + BiQ; »
—2BiQi1 + Bis1Qin)) + A (Wi —W))

—A)(Wipr = W)

Bi)(Qi2 — Qin))

then the closed-loop system is A*-exponentially stable, and the periodic
state-feedback gain can be given as, for t € [(T + t; 1,1 +t;),0 =
0,1,...,i=1,2,...,5, K(t) = K, (t) = Q:(t)W, ' (¢), with time-
varying matrix function Q;(¢) and continuous time-varying matrix

function W; (¢) given as

2(:2,i = sym ((Ai+1

+ (Biy1 — (22)

{or

Qi(t)ZQi,l+%(Qz2 Qi) (23)
t—0T —t;_

Wi(t) =W, + = E(Wigr — Wy). (24)

Proof: Fort € [(T +t; 1 (T +t;),0=0,1,...,i=1,2,...,8,

construct Q; (¢), W; (t) as in (23) and (24). With (20), one can observe
that W (¢) is continuous, and since W; > 0, one has W' (¢) > 0, and
(t—0T —t

it is continuous. Since 0 < — 1) < 1, then with (17)—(19) and

according to Lemma 2, one has

_ _ _ —t. 2
B )y T s, <0 )
with Q; (t), W; (t); then (25) indicates that
Wi (t)Aj(t) + A; (t)Wi( )+ Bi(t)@Q:i(t)
+Qi()B(t) = DT Wi(t) + 4, Wi(t) < (26)

(t
Consider a Lyapunov function V(x,t) = ( )z, where Z(t) =
WL(t). Define Z(t) = Z;(t) fort € [{T + _1,T + t;), then mul-
tiplying both sides of (26) with Z;(t) = W, !(¢), and substituting

Qi(t) = K, (t)W;(t) in (26), one has
ALWIH(E) + W () Ay + AW (t)
— W O)DT Wi ()W (t) < 0. 27
Since DT W, (t) = —W, 7 (£)DT W; ()W, (¢), (27) can be rewrit-
ten as
AL Zi(t) + Zi(1)Aci(t) + DT Zi(t) + 1, Zi(t) < 0.

Then, combining with (21) and according to Lemma 1, the A*-
exponential stability of the closed-loop system (1) can be established.ll
Remark 3: 1t is worth noticing that the constraints on %; in previ-
ous results have been relaxed in this note. Specifically, the sign of X;
is not tied to the stability of the ith subsystem; the only constraint is
that Zle AT > 20T, 1t greatly facilitates controller design, since
checking the stability of time-varying systems is generally more diffi-
cult compared with that of the time-invariant systems.

One may observe that the stabilizing controller designed in Theo-
rem 2 is discontinuous. However, controller with continuous gain is
more desirable in application. From this perspective, a stabilizing con-
troller with continuous time-varying gain is proposed in Corollary 1,
which can be easily obtained by letting Q; 1 = Q;, Qi 2 = Qi11,i =
1,2,...,5 —1,Qs,2 = @ in Theorem 2.

Corollary 1: Consider periodic piecewise time-varying system (1)
with w(t) = 0, and let A* > 0 be given constant. If there exist A; and

matrices W; > 0, Q;,i=1,2,...,5, satisfying (17)—(19), where

Yoo = AW, + W, Al + B;Q; + Q;B;

L
T

sym(A; Wi =24, W; + Ai 1 Wi + BiQis

—2B;Q; + Bis1Qi) + 2, (Wi — W)

sym ((Aiv1 — A) (Wi = W;)

B)(Qi+1 — Q1))

and Wg 1y =Wy, Qg1 = @1, then the closed-loop system is 1*-

exponentially stable, and the periodic state-feedback gain can be

given as, for t € (T + ¢, 1, (T +¢,),(=0,1,...,i=1,2,...,S,

K(t) = Ki(t) = Q; (t)W,*(t), with continuous time-varying matrix

1
t—LT —t;
,LI(QHrl_

(Wisr = Wi) + 1, W,

E(:l,i =

202,1' =
+(Biy1 —

function Q; (t) and W; (t) given as Q; (t) = Q; +
Qi) Wi(t) = Wi + St (Wi g — W),

V. L,-GAIN PERFORMANCE ANALYSIS

In this section, the disturbance attenuation performance of the peri-
odic piecewise time-varying system is established as an extension of
the stability result.

Theorem 3: Consider periodic piecewise time-varying system (1)
with u(t) =0, given v > 0,1 > 0. If there exist A; and matrices
P, >0,i=1,2,...,5, satisfying

[ Ao Ao,
Ay O, <0 (28)
A N A L
A i A N A1 N Al i A?J A2.i
O R PV R YRS LY
Ps., =P, 31
S
T =Y LT <0 (32)
i=1
where
MJ:&R+RA+Q@+%U%VJH+MH
Ay =sym(AjP — 24P + Al | P) + CiCipy
—20ICi + CL,,Ci + 7 (P — Pr)
Ay ; = sym ((APr1 — AN (P — PZ))
+(Clir = C)(Cis1 = C)
Ao = P.E; + C/D;
Ay =Pi\E —2PE; + PE;., + C_,D; — 2C|D;
+ CDitq
Ay = (Piy1 = P)(Eiy1 — E) + (Cl,, = C)(Diy1 — Di)
Q. =1+ D;D;
Q,, =D.D; ., —2D\D; + D, , D
Qy, = (D)., —D)(Di1 — D) 33)
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then system (1) is A*-exponentially stable and satisfies

/0Oc 2(T)z(T)dr < aV(xg,0) + by? /OOO w (T)w(r)dr  (34)

T max(21* =myin,0)

where a = “gaxe JAmax = max; (X;), and b=
%eZT max (22 =iy iy ,0) Amin = min; ()"Z)

Proof: Fort € [¢T +t; 1,07 +1;),0=0,1,...,i=1,2,...,S,
construct a Lyapunov function as in (2) with Lyapunov matrix given in
(5).

Define F = 2’z — y*w'w, then one has

D*Vi(x,t) + A Vi(z,t) +
=2/ (A{()P(t) + P () Ai(t) + DT P(t) + & Pi(t)
+C’(t)Cl(t))x+ "(EI(t)P(t)
Di(t)C;(t))z + 2 (P (1) Ei (1)
Ci(t)Di(t)w
w'(=y*1 + Dj(t)D; (t))w
Yo, Tq;
e x} (35)
w Tlll TQ’L‘ w
where
t—IT —t; t—0T —t;_1)?
Yo, = Ao+ T lAl,i ( 77 ) Ay
t— AT —t;_ t— (T — 2
T, = Ao + T - 1A1,i+( T2 ) Ay
t— 0T —t; t— 0T — 2
Yo = Qo+ T IQM ( Tf ) Dy
Thus, (35) can be rewritten as
D Vi(x,t) + A Vi(a,t) + F
| ' Ao Ao t—0T —t; | A1 Avg
B w AE)Z Qo,i T; Aﬁ, Ql,z
(t =0T —t; 1) | Ao Ay T
T‘,-? Al?,z Q?,i w

With 0 < =25l <1 and (28)-(30), one has D' V(z,t) <
2 V(x,t) — flfm # 0orw # 0.

Integrate DV (z,t) < =\ V(z,t) — F for t € (0T +t; 1, 0T +
t;); following the similar arguments in [17], one can obtain

t S

ZZ/(k DT+t

1o DT+t

exp(01 (4, k)2 (7)z(T)dr

. (T+t;
+ Z/ﬁﬂ | exp(0s (§))' (7)2(r)dr

j=1
t
+ / exp(63)2/(7)2(r)dr + V(,1)
(T +t;
¢ (k=1)T+t;
< exp(©0)V(0) + 7 zz/
PR GRS DU

exp(01 (4, k))w'(T)w(r)dr

exp(©2 (j))w'(T)w(r)dr

-1 /VfT+tJ

(T+tj_y

+ / exp(O3)w” mwde} (36)

IT+t;

where

i(t— (T +t;1))

:—erT ZAT —

@1(],]{1) = —)\.j((]f— 1)T+t] —7') — Z )\lT‘l

I=j+1
S i—1

— k) WD =Y LT — At — (0T +t;4))
=1 =1

i—1

Z M

I=j+1

—Ai(t = (T4t 1))
—)\.i(t — T).

@2(]) = —)\.j(ZT-i‘ t]‘ - 7') -

0; = (37
On one hand, one has
Oy < —L2XT — Aminti-1 — Amin(t — (0T + t;_1))
= —20t 4 (20" — Awin ) (t — €T))
< =2A"t 4+ max(21" — Apin, 0)T
0107, k) < —Apin (KT —7) — (£ — k)2L"T — Apin (L

(=Amin + 207)(t = £T) 4+ 20" (17 — t)
+ (—Amin + 22 (KT —7)
—217(t — 7) + max (21" —

—(7)

IN

)\-minao)zT
— }Vmin (t — T)
)‘-minv 0)2T

0, (j) < —20°(t

IN

—7T) 421 (t —71)

IN

—20%(t — 7) + max (21" —

0, A (t—T)

IN

—2\7 t— - )\min(t - T)
— Amin, 0)27

(
(t—7)
(t—7)

“2M(t—T) 20 (t—7) -
(t—7)+20°(t—7)
(t—7)

IN

—20%(t — 7) + max (21" (38)
On the other hand
@1 (], k) 2 *)Lmax((k — l)T + tj‘ — 7')

- (Z - k))"mnxT - )‘-maxtifl - )"mnx (t - (ZT + t'ifl))

- )“max (T - tJ)

= —Amax(t —7) (39
03(4) > —Amax(UT 4+ t; —T) — Amax (tic1 — t5)
= Amax (t = (0T + ti1))
= —Amax(t — ) (40)
O3 > —Amax (t — 1)
With V' (z,t) > 0, combining (38)—(41), one has

t
/ eiA“‘aX(tiT)Zl(T)Z(T)dT < eT(ZA*f?»min)*Q)h*tv(xmO)
0

t
+72/ eZT(?)»*—Amm)—2A*(t—r)w/(7_)w(7_)d7_.
0

Integrating ¢ from O to oo, one obtains (34). |
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Fig. 1. Trajectory of system state. t
Fig. 2. Variation of K;(¢) and its norm over a period.
VI. SIMULATION
35 . . . . . . . . .

In this section, numerical examples are used to verify the effective- <
ness of the proposed approaches. Example I is employed to demonstrate _— x;(t) 1
the merit of the proposed controller. Example 1I is adopted to illustrate 1
the proposed L, -gain performance index. 4
A. Example | f; |

5 i

Consider a periodic piecewise time-varying system with 7" = 2 and éﬁ
t; = 0.5,ty = 1.2,t3 = 2, and subsystems with w(t) = 0 are given i
as

A [—2.1 06 Lo ) -0.9 1.4 1
T o s 1 05 1
-3.5 S 1 2 3 4 5 6 7 8 9 1o
B (t) = +2(t—0T) ) t
) Fig. 3. Trajectory of system state under stabilizing controller.
-3 2 10 -1 -1
Ay (t) = + 7(tf€T70.5)
11 0 -3 are given as
3] 10 2 -4 1 5(t—0T) [2 0.6
By (t) = —(t—4T —-05 A (t) = N )
2 (t) 3 7( )|:2.5:| 1(t) [0 1:|+ 5 9 0
[—4 1 5 1.9 04 Ll 5(t—eT) |07
A;(t) = +—-(t—4T—-12 Ei(t) = —
(=1 |l ){ 3.5] 1(®) L] 2 0.6
_ 15 5(t —T)
By =| .| +2¢—er—12)| 7] cin = [1 1]+ 2520 1], i) = 1+ 5(t - 1),
0.5 4 0.5
Under initial condition ) = [1, 2]". The trajectory of the system state A, (¢) = -2 04 + 5(t— T —0.4) Lol
is shown in Fig. 1; it can be seen that the periodic piecewise time- 2 -1 6 -1.5 -1
varying system is unstable. In the following, choosing A1 = —3,1, =
—1.5,%5 = 4, which satisfy 11Ty + ATy + As Ty = 0.65 > 0,asta- (1) — 03|  5(t—(T-04) 02
bilizing controller is designed with Theorem 2. The obtained controller 0.4 6 0.2
gain is shown in Fig. 2, and the system state under stabilizing controller 5(t — (T — 0.4)
is shown in Fig. 3; one can observe that system is stabilized under the ~ C; (¢) = [1 0} =~ 7 [0 -1 ]
proposed controller. 6
Dy(t)=3—=(t =0T —0.4)
B. Example Il

Consider a stable periodic piecewise time-varying system with 7" = (t) = -1 05 + 5(t—¢r—16) =3 05

2and Ty = 04,7, = 1.2,T3 = 0.4, and subsystems with u(t) = 0 U os 2 2 —05 1
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3 I [8] P. Montagnier, R. J. Spiteri, and J. Angeles, “The control of linear time-
z(Y) periodic systems using Floquet-Lyapunov theory,” Int. J. Control, vol. 77,

o5 wiv)] pp. 472-490, 2004.

magnitude

Fig. 4.

Disturbance and system response.

B =[or] + 220 0

n 5(75—612"—1.6) [0 2]

Dy(t) = 2— g(t —T—16).

Take &y = Ay = A3 = 0.2, 2(0) = [0, 0]’". According to Theorem 3,
one can obtain v = 3.0386. Consider a disturbance w(t) = e -!,
then the disturbance and system output are shown in Fig. 4, and one
has ||z]|; = 48.7017, ||w||, = 22.3718. It can be seen that it is within
the obtained L, -gain performance index.

VIl. CONCLUSION

In this paper, a periodic piecewise system with time-varying sub-
systems is considered. The negative definite characteristic of a class of
matrix polynomial is studied as the basis of investigating the exponen-
tial stability condition of periodic piecewise time-varying system by
employing a continuous time-varying Lyapunov matrix formulated in
interpolative form. Controllers with discontinuous or continuous time-
varying gain are synthesized to stabilize the system. The disturbance
attenuation performance of periodic piecewise time-varying system is
studied as well. Numerical examples are given to show the merits of
the proposed method.
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